The early Renaissance artist Albrecht Dürer published a book on geometry a few years before he died. This was intended to be a guide for young craftsmen and artists giving them both practical and mathematical tools for their trade. In the second part of that book, Durer gives compass and straight edge constructions for the "regular" polygons from the triangle to the 16-gon. We will examine each of these constructions using the original 1525 text and diagrams along with a translation. Then we will use Mathematica to carry out the constructions which are only approximate, in order to compare them with the regular case. In Appendix A, we discuss Dürer's approximate trisection method for angles, which is surprisingly accurate. Appendix B outlines what is known currently about compass and straightedge constructions and includes two elegant 19th century constructions.
The Renaissance was accompanied by newfound respect for geometry, mathematics and the sciences. In Venice, Dürer found artists such as Luca Pacioli who would publish The Divine Proportion in 1509 with drawings by Leonardo da Vinci (1452-1519). Dürer was not highly educated but he was familiar with the works of Euclid (c.300 BC) and Ptolemy (AD 90 -AD 168) and on a later trip to Venice, Dürer bought a copy of Euclid for his library. Throughout his life, Dürer exchanged views on art and science with Pirckheimer and other Nuremberg scholars such as the mathematician Johannes Werner.
When Dürer returned to Nuremberg in 1495 he opened his own shop and soon became one of the most respected printmakers in Germany. He was an accomplished painter but his true passion was printmaking. The prints could be sold at a price which was affordable by the common person and Dürer made every effort to produce prints which were interesting and enlightening. Below is a watercolor of the courtyard of the former castle in Innsbruck, and on the right is a woodcut of three peasants in conversation.
In 1505 Dürer made another trip to Italy. In general, the Italians regarded the Germans as poorly educated brutes, but they had a great respect for Dürer as an artist and a man. He became a close friend of Giovanni Bellini whom Dürer described as "the best painter in Venice". Dürer was becoming one of the most influential artists in Northern Europe. When he returned to Germany, the Emperor Maximillian I, honored him with commissions and later gave him a pension. In 1519 Dürer painted a portrait of Maximillian holding a pomegranate which was his personal symbol.
When Maximillian was succeeded by his grandson Charles V, Dürer traveled to the Netherlands to meet with Charles. He was honored throughout his trip, but an excursion to Zeeland in 1520 to view a beached whale, apparently led to a bout with malaria which contributed to his demise in 1528 at age 57. Dürer left behind a considerable estate and a legacy of more than a thousand drawings, hundreds of engravings and dry points, and about seventy paintings. He also wrote and illustrated books on geometry, city fortification, and human proportion.
In keeping with the tradition of the early Renaissance period , most of Dürer"s work was religious in nature, but he also produced some notable secular works such as the famous Melancholia I copperplate engraving from 1514 (see below). This is a study in perspective and geometry which also contains a number of mathematical references such as the "magic" square in the upper right corner. This square sums to 34 in rows, columns and diagonals. Note that the bottom row contains 15 and 14 which is the date of the engraving, and the numbers 4 and 1 may represent D and A -Dürer"s monogram. In addition, pairs of numbers symmetrical to the center sum to 17. This magic square may have originated with Cornelius Agrippa"s De Occulta Philosophia.
There is a strange polyhedron which appears to be a truncated rhomboid. It may have started out as a cube which was stretched and then truncated. Mathematica has a data-base of polyhedra which includes DuerersSolid (this is the accepted spelling when the ü is not desirable) -type, PolyhedronData["DuerersSolid"]. The skeleton of Dürer"s solid is a generalized Peterson graph. There is still doubt as to the actual geometry of the polyhedron and its meaning. Dürer developed innovative methods for constructing polyhedra using "nets" and it is possible that the net for this polyhedron is related to the magic square.
In the lower left part of the engraving there are tools such as compass, scale and hourglass. These tools lay unused on the ground and there is endless speculation about the meaning of this. Dürer appears to have suffered from early bouts of arthritis and after visiting the Netherlands in 1521, he may have also suffered from malaria. In addition, his arranged marriage had been a disappointment and he had no children.
Late in his life, Dürer embarked on an ambitious project to convey to other artists and craftsmen the theoretical skills of their craft. Dürer felt that his fellow German artists were equal to all others in practical skill and power of imagination, but they were inferior to the Italians in rational knowledge. In keeping with the spirit of the Renaissance Dürer felt that "geometry is the right foundation of all painting". But Dürer was also a practical man and he later wrote: "As for geometry it may prove the truth of some things; but with respect to others we must resign ourselves to the opinion and judgment of men." These books were written in German instead of the traditional Latin, so they were accessible to craftsmen, including printmakers, painters, goldsmiths, sculptors, and stonemasons. To do this Dürer often had to invent a vocabulary for some technical phrases which only existed in Latin. (As late as the 19 th century, German mathematicians such as Carl Friedrich Gauss still wrote in Latin.)
The Books of Measurement were a textbook in practical geometry so that the artist could "combine practical skills with theoretical skills". These were among the first books on geometry and mathematics ever written for the general public. For his sources, Dürer had a copy of Euclid, but most of the material apparently came from workshops and pamphlets such as Geometrica deutsch which was printed in about 1486. It was preceded by Geometria Culmensis from about 1400. He also had access to Fialenbuchlein which was published in Nuremberg in 1486 and any of the books in the library of his wealthy friend Pirckheimer -who had a collection of books and manuscripts on science and mathematics.
Four Books on Measurement
In the introduction shown below, 
Part II -The polygon constructions from the second book of measurement
The second book contains illustrations and directions for the construction of geometrical objects such as "regular" polygons with compass and (unmarked) straightedge. Dürer was very modest and never claimed that his constructions were new or unique -although some appear to be unique. Most of the exact constructions were passed down from Euclid and the approximate constructions were typically those used in the workshops of engravers, cabinetmakers or masons.
Compass and straightedge constructions data back to Euclid of Alexandria who was born in about 300 B.C. In terms of regular polygons, the Greeks could construct polygons with 2 k sides for k >1. They could also construct the regular triangle and the regular pentagon but these were the only "prime "polygons that they could construct. They knew that the construction of a regular n-gon could be combined with the construction of a regular m-gon to yield a regular nm-gon when n and m were relatively prime. Dürer shows how to construct a 15-gon using a triangle and pentagon.
Regular polygons had been used throughout the Middle Ages in architecture and decoration as well as in the design of cities and fortifications. Dürer knew that there were a limited number of "exact" constructions and in the case of the pentagon he gives both an exact and an approximate construction. The approximate construction, based on a single compass setting, may be due to Pappus of Alexandria (c. 290 -350 A.D.). Dürer preferred such constructions when possible. It yields an equilateral pentagon which Dürer apparently thought was also equiangular.
In the Second Book, Dürer covers all the "regular" polygons from the triangle to the 16-gon. (He leaves it to the reader to get the dodecagon by bisecting the arcs of the hexagon.) Dürer also mentions how to construct the 28-gon. He was probably aware that the St. Lorenz church in Nuremberg had a beautiful rosette window with stonework based on a regular 28-gon. This window was apparently constructed in about 1470. The church and window are shown below. Note the transition from an inner octagon to the outer 28-gon.
Below is a list of the polygon constructions in the order they are given in the Second Book.
Number of sides
Dürer"s figure A copy of the 1525 text is also available at wikisource and Google will attempt a translation, but the resulting translation of Dürer"s medieval German to English is almost comical. The passages needed here are relatively short and the accompanying diagrams make translations fairly routine, but there are places where Dürer"s text and his diagrams seem to be at odds. In these cases we will present views and opinions from as many sources as possible.
After presenting the text and translations, we will carry out the non-regular constructions with Mathematica and in a related paper, we will perform an analysis of these non-regular cases using the Tangent map (outer billiards map). We encourage the reader to download the Mathematica code from GeneticsOfPolygons.org and perform their own analysis.
Below is a page from the original manuscript showing figures 9,10,11 and 12. Dürer presented the polygons in logical order -starting with the hexagon and using the odd vertices to get a regular triangle and then bisecting a side of this triangle to construct the heptagon and finally bisecting the arcs of the heptagon to get the 14-gon.
For the most part Dürer knew which constructions were approximate and which were exact, but he was more concerned with the practical aspects of the constructions. Whenever possible he gave constructions which used a fixed compass setting. Interest in such "rusty compass" constructions was fueled by the popularity of his work, but it was later shown that any construction with variable compass can also be carried out with fixed compass. Some of the early compasses did not even have a hinge but it is still possible to transcribe a given circle at another location, just as if there was a hinge.
Approximate constructions were considered to be "mechanical" and not demonstrative. Dürer noted that 7, 11 and 13 were in this category. He does not state explicitly that the 9-gon construction is mechanical but it is based on "workshop" methods which were well known to be approximate. We remarked earlier that Dürer did not state that the fixed compass pentagon construction was approximate. Comment: Dürer combined the triangle and heptagon constructions in fig. 10 and showed the results of the heptagon construction in fig. 11 below. Comment: It had usually been assumed that Dürer obtained this construction from the pamphlet Geometria deutsch but Donald Crowe points out that the construction there is different and does not conform to the strict compass and straightedge criteria, so this construction may be Dürer"s own. Indeed Kepler refers to this as "Dürer"s Rule". But according to J. Tropfke this construction has a long history and was known to Heron of Alexandria. Comment: There has been some contention among translators about Dürer"s meaning when he says to "mark off this length along the periphery". There is little doubt that Dürer intended for the reader to use the bisected arc rather than the bisected side. He certainly knew the difference and the diagram seems to make this clear. The procedure for bisecting a cord and an arc are the same. It"s just a matter of what point you chose after drawing the two "vesica pices" arcs as shown above. It is natural to choose the point that is already on the original arc, and that is clearly what Durer did here. The only exception is in figures 10 and 11 where Durer deliberately chose the length rather than the arc, so that the resulting figure has 7 sides instead of 6.
In the next two constructions Dürer leaves no doubt that to double the number of sides, arcs must be bisected. Both H. Steigmuller and W.L. Strauss seemed to be of the opinion that Dürer meant for the reader to use the given length, but Strauss was not a mathematician and his analysis was typically based on that of Steigmuller. Donald Crowe remarks that Steigmuller apparently did not have his own copy of the manuscript so he had to rely more on the text (which he could copy from the library ) rather than the diagrams. Dürer of course assumed that the reader has the diagram as well as the text and is using common sense. As we will see with the 13-gon, Dürer sometimes assumes that the diagrams can speak for themselves. 
"Now it is proper to show how to construct an eight-cornered figure. Using the preceding figure, retain the side bd and divide the arc above it into two halves. Mark the midpoint f. Then connect f and d and it will give you one side of the eight cornered figure. To obtain a sixteen cornered figure, divide the arc fd into two halves and mark the midpoint g. The line connecting g and d will represent one side of the sixteen sided figure. This is demonstrated in the three figures below."
The Regular Pentagon- fig. 15 
"Now it is necessary to construct a pentagon within a circle. To do this, first draw a circle with center a and draw a horizontal line through this center. Where this horizontal line crosses the periphery of the circle mark points b and c. Then draw a vertical line through the center a at right angles to the horizontal line. Where it crosses the periphery at top mar the point d. Now draw a straight line ed and place one leg of a compass on e and the other on d and draw an arc down to the horizontal line bc. Where the arc crosses the line mark point f. Then connect f and d. The line fd represents one edge of the pentagon, whereas line fa is equal to one side of a ten-sided figure. Then divide line ac into two halves and erect a vertical line up to the periphery. Its length is equal to approximately one-seventh of the circle. This is shown in the following diagram."
Comment: This is an old construction credited to Caludius . In the first of these three figures the "5", "10" and "7" show that this one diagram contains an (exact) side of a pentagon and decagon and an (approximate) side of a heptagon. The heptagon side given here is √ just as in Dürer"s method, and he notes that it is approximate.
Dürer of course intended that the point e is the bisector line ac. There is much speculation as to why Dürer chose this construction rather than Euclid"s construction which uses the "golden-ratio" proportion. The speculation stems from the fact that Dürer makes no mention of the golden ratio, although he was no doubt aware of its use in Italian art. It may be that Dürer simply did not feel comfortable with the precepts of the "divine" ratio. The German architects had their own "divine" ratio which was the vesica pices ratio of √ (more on this below). In addition Ptolemy"s construction is simpler than Euclid"s and these constructions were just a preliminary step in his program.
The Regular Pentagon (approximate)- fig. 16 
"Construction of a pentagon without changing the opening of the compass is accomplished as follows. Draw two circles which overlap so that the periphery of each touches the other's center. Then connect the two center points a and b with a straight line. The length of this line is equal to one side of the pentagon. Where the two circles cross mark c at top and d at the bottom and draw the line cd. Then take the compass without changing the opening and place one leg on d and with the other draw an arc through the two circles and their centers a and b. And where the periphery is crossed by this arc mark points e and f. Where the vertical line cd is crossed mark the point g. Then draw a line eg and extend it to the periphery of the circle. Mark that point i. Then connect i with a and h with b and it will give you three sides of the pentagon. Then erect two inclined lines of equal length from i and h until they meet at top. You will have pentagon as I have drawn here."
Comment: Points c through i are not labeled in Dürer"s diagram so we have included a diagram on the right above showing the locations of these points. This construction and diagram are taken directly from Geometria Deutsch, but in that pamphlet the reader is told in the last step to draw a circle at h and take k to be the point where this circle intersects the line of symmetry cd. Dürer apparently felt the need to instead draw two symmetric circles at h and i. These last two circles are not drawn above.
This fixed compass construction yields an equilateral pentagon which is not equiangular. Dürer did not state that it was approximate and he may have believed that the angles were equal. This construction apparently dates back to Pappas of Alexandria. Because Dürer"s works were widely distributed, many of the constructions are credited to him and Donald Crowe points out that P. Cataldi in 1620 derived extensive equations to show that "Dürer"s pentagon" is not regular. Comment: This construction was described in Euclid. Note that if the second edge of the pentagon is drawn, then the arc bisection can be avoided, but neither Euclid nor Dürer do this. Comment: Dürer"s fischblosen (fish bladders) are known in Latin as vesica pices and in Italian as mandorla (almonds). They occur quite naturally when bisecting a given length or arc with a compass. Vesica pices have appeared in art and architecture dating back to early Egypt. Dürer was familiar with the work of the Roman architect Marcus Vitruvius (c. 80 BC-15 BC) who formulated a science of proportion based on geometric form and symmetry in the spirit of Pythagoras. Vitruvius compiled a set of Ten Books on Architecture and he also studied human proportion. The ratio of the length to width of the vesica pices is √ and this proportion was common in medieval and Gothic architecture. In Cesar Casariano"s Vitruvius of 1521 he calls this the "rule of the German architects".
In Dürer"s unpublished notebooks at the British Museum there are drawings which suggest that he did not simply reproduce the given ef interval around the inner circle, but instead he used all three fish bladders and obtained the remaining vertices by bisection. See the details below in the analysis section.
Dürer did not state explicitly that this construction is approximate, but most likely he knew it was not "demonstrative". Edwin Panofsy notes that " ..his approximate construction of the enneagon is not described in any written source but was taken over directly, as we happen to know, from the tradition of the "ordinary workmen" "
The Regular 11-gon and 13-gon (both approximate) - fig. 19 
"To construct an eleven-sided figure by means of a compass, I take a quarter of a circle's diameter, extend it by one-eighth of its length and use this for construction of the eleven-sided figure.This is a mechanical not a demonstrative construction." "If a thirteen-sided figure is required, I first draw a circle with center a. Then I draw the radius ab and cut it in half at d. I use the length cd to mark off thirteen pieces along the periphery of the circle. But this method is mechanical and not demonstrative."
Comment: Dürer only devoted a few sentences to both of these but the resulting constructions are surprisingly accurate. There is no known historical precedent for either, and they may be unique to Dürer. The 11-gon construction is more accurate than the traditional method which is based on "Renaldini"s Rule".
Both Steigmuller and Strauss seemed to be confused by Dürer"s intentions for the 13-gon and they omitted any reference to the "length cd". Dürer"s construction of the heptagon has 6 equal sides but the base is slightly longer so the resulting polygon is not quite equilateral. This means that the corresponding 14-gon and 28-gon will suffer from the same imperfections since these are obtained by bisecting the arcs of the heptagon. It is impossible to construct a regular heptagon with compass and ruler. For a demonstration of Dürer"s construction see the CDF manipulate at DürersHeptagon. The first stage of the manipulate is shown below next to Dürer"s drawing which instructs the user to bisect the side of the equilateral triangle and use the compass to reproduce this length as an edge of the heptagon. Bisecting the arc rather than the side would lead back to the hexagon, so the difference between bisecting the side rather than the arc gives the heptagon.
Assuming that the radius of the circle is 1, the sides of the equilateral triangle are each √ so the six sides will have length √ ≈ 0.866025403784439 which is within 3 decimal places of the actual which is ≈ 0.8677674782351162409. The base will be slightly longer at 9 39 64 ≈ Below are two compass and straightedge constructions of equilateral pentagons. The one on the left is far from regular but the one on the right is "almost" regular. This is the construction used by Dürer. It was well-known in Dürer"s time and was apparently part of Greek folklore. Both constructions are based on the same principle -a chain of circles with constant radius. The radius determines the side of the pentagon. Dürer prefered constructions which did not involve changing the compass settings and these two constructions are both in this category of "rusty compass" constructions.
In the example on the left, start with an arbitrary circle c1 and pick any point on c1 for the center of c2. Then choose an obtuse angle α ,and continue in this fashion until one of the circles intersects c1. This gives a path home. A similar construction works for any number of sides. The pentagon shown here is completely determined by the angles α and β.
The only difference in Dürer"s construction is that he provides a method for choosing a "good" angle α. (His construction yields α ≈ 108°21'58.03259 compared to the exact 108°.) As on the left, start with "vesica pices" circles centered at a and b. If a = {0,0}, and the radius is 1, then c and d are {1/2, ±√ 2}. The lower circle at d determines the points e,f and g which are vertical and horizontal displacements of d. The lines fe and ge determine h and i. The final point k must lie on the extension of cd, so a circle centered at h or i will locate k.
To find α = abh, note that the triangle bfg is a right triangle with base √ . This implies that in the adjacent triangle bfh, the lower angle is 15° and the Law of Sines gives the upper angle as θ = ArcSin [√ Sin[15°] ]. Therefore α = 180° -15° -θ -30° ≈ 108°21'58.03259 as indicated above. To find β = bhk , use the fact that triangle hbc is isosceles: β ≈ 107° 2'16.17332. This yields γ ≈ 109° 11'31.58819. The coordinates of k can be found using the isosceles triangle ikh.
The vertices of Durer"s pentagon are given below in terms of θ = 13 ArcSin[
( Dürer's 9-gon Dürer"s drawing has three small marks where the compass should be placed to get the fish bladders-these marks can be seen above on the outer circle at 30°, 150° and 270°. The three fish bladders determine 3 of the 9 edges, and as indicated earlier, there is evidence from Durer"s sketchbooks that he found the remaining vertices by bisecting the remaining arcs. This would ensure symmetry and minimize the error propagation. We will do this below.
To find the points f and e, use the formula for the intersection of two circles of radii R and r assuming that the R circle is at the origin and the r circle is at {d,0} . See wolfram math world. 
